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O else
Weprove by induction on l

l e clean
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Iii Suppose d is an eigenvalue with 4 0 erector
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Hence we must have equality everywhere
which implies flu Pew whenever v w EE

This concludes if G is connected take
V Vt UV where Vᵗ V flu so

v flu co

Otherwise look at restriction on each
connected component

Conversely if G bipartite with EC Vex V2
where V Ve W V2

then f L l ve ve
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is eigenvector

with eigenvalue ok

in Note that if G connected some argument
as above holds that ifeigenvector for eigenvalued
then flu flu Klu e EE

of constant non zero

multiplicity 1

Now assume G has a connected components Then

up to rearranging the
vertices V we can write

A as black matrix
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for some j
We can consider A acts on eachL Vj
Take Yj v 1 ve Vj

0 else
Then we can see directly that the eigenspace
of evalue is generated by
each vector can be written uniquely as

α fj α E R
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Let ICV an independent set
there is no v w EE with v w I
Let LI Lu L VEV

O else

Then LII M1 0 by definition

Clearly 11 1 1 Il and 1111112 111112

Directapplication of7 7 gives II E n



Let V Hive such thateach Vi is an

independent set Then fromprevious exercise that
Vi 1 e n for all 1 i K

But since É Nil n it implies K 1 5
hence G 11 5

i Apply 7 7 with f1 fidu
We have PH d Me

Low meds.de
Conclusion fallows

Iii Note that l diamG then v we V

Kel such that I Pin 1 0
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iii look at Them 7.8 in the notes

To show that 0 ll ye
it suffices

to show thatfor all fe IV we have

that 0 f Mlf as l o

But 019 f do Mlf E.vn f lu dolv
Do Mlfs
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Conclusion follows


